We study collective modes near the quantum critical point of a pair-density-wave (PDW) superconductor in 2+1 dimensions. The fate of gaps of various collective modes is investigated by functional renormalization. For incommensurate PDW superconductors, we show that the gapless Leggett mode, protected by the emergent U (1) symmetry, can induce an exponentially small Higgs mass compared to the superconducting gap. Further, for commensurate PDW superconductors, we find an emergent mass hierarchy in the collective modes, i.e. the masses of Leggett boson, Higgs boson, and the superconducting gap can differ by several magnitudes in the infrared. This may shed light to a mechanism underlying the hierarchy problem in the Standard Model of particle physics.
Introduction.-Collective modes in superconductors are among the most fascinating emergent phenomena in condensed-matter physics [1, 2] , and are further related to the famous Anderson-Higgs mechanism [3] [4] [5] [6] . In the case of charge-neutral particles, spontaneous breaking of global U (1) symmetry provides massive amplitude and gapless phase fluctuations at low energies. However, in the context of charged superconductors, i.e. electrons interacting with dynamic photons, the gapless Goldstone mode is "eaten" by gauge bosons resulting in massive transverse photons and the Meissner effect [7] [8] [9] ; in this case, the amplitude mode is also known as Higgs mode. Another collective mode -the Leggett mode [10] -appears in superconductors described by a superconducting (SC) order parameter with multiple components. While the U (1) transformation from charge conservation corresponds to a uniform phase shift in all components, the Leggett modes describe the relative phase fluctuations between different condensates.
One intriguing manifestation of a multicomponent superconductor is the pair-density-wave (PDW) superconductor whose order parameter transforms as a non-trivial representation of both U (1) and lattice translation operations [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Recently, experimental evidences of PDW ordering in cuprate high-temperature superconductors were reported [25] . The superconducting order parameter of a generic PDW reads ∆( r) = ∆ + ( r)e i Q· r + ∆ − ( r)e −i Q· r ,
where ∆ ± correspond to two superconducting condensates that are related by time reversal (or inversion) symmetry. Under a translation operation, the order parameters transform as ∆ ± → e ±iQ ∆ ± , where Q = Q · b, and b is a reciprocal lattice vector. Therefore, the phases of the two complex order parameters manifest themselves as order parameters of global charge conservation and translation symmetry. It can also be inferred from the secondary orders induced by the PDW, i.e., the 2 Q chargedensity wave (CDW) and the charge-4e superconductivity [13] . Under the transformation ∆ ± → e iθ± ∆ ± , we obtain
It is clear that the induced CDW order is proportional to the Josephson coupling between the two condensates described by ∆ + and ∆ − . For incommensurate momentum Q, any local Josephson coupling is forbidden by the translational symmetry of the Landau theory and consequently, in addition to the global charge conservation, another U (1) symmetry which is characterized by the phase difference between the two condensates emerges. Consequently, the Leggett mode is gapless which is protected by the emergent U (1) symmetry in the incommensurate PDW phase. Surprisingly, we find that the fluctuations of the gapless Leggett mode can dramatically renormalize the mass of Higgs mode. Specifically, we show that the Higgs mass is exponentially small compared to the superconducting gap -i.e. the gap in fermion spectrum -at low energies, and thus opens up the possibility of a detectable Higgs mode [26] [27] [28] [29] in PDW superconductors.
On the order hand, for commensurate momentum Q with commensurability N , the minimum integer satisfying 2N Q = 2π×integer, the emergent U (1) symmetry mentioned above is lowered to a discrete Z N symmetry and the Landau free energy can then allow the following Josephson coupling term at order
, where h is a constant. In this situation, the Leggett mode will obtain a mass proportional to the strength of the order-N Josephson coupling J N ∝ 2h|∆ + ∆ − | N . As a result, the commensurability N provides a knob to tune the mass of the Leggett mode: for larger commensurability (larger N ), the Josephson coupling is more irrelevant, and the Leggett boson mass gets smaller at low energies. In 2+1 dimensions, the Josephson coupling is dangerously irrelevant for N ≥ 3, which will result in an interesting hierarchy [30] [31] [32] [33] of the various masses of collective modes as we will show below.
In the following, we implement a functional renormalarXiv:1810.01415v1 [cond-mat.str-el] 2 Oct 2018 ization group (FRG) approach [34] [35] [36] to investigate collective modes in both incommensurate and commensurate PDW superconductors. The FRG is a nonperturbative approach to evaluate the effective action -namely, the one-particle irreducible generating functional -at any energy scale below the cutoff. Importantly, it allows to study generic potential functions irrespective of whether they are perturbatively renormalizable or beyond [37] [38] [39] . Thus, the FRG method is a suitable approach for the investigation of bosonic collective modes, where the effective potential is crucial for the determination of various gaps in the symmetry-broken phase. PDW state in honeycomb Dirac semimetals.-PDW superconductivity may arise in various physical systems although their experimental evidences have been scarce so far. To be explicit, we first consider the PDW state of spinless fermions on a honeycomb lattice close to a quantum phase transition [21, 40] as a primary example (see Fig. 1 (a) for a schematic phase diagram). The half-filled honeycomb lattice hosts two Dirac cones at K and K in the Brillouin zone, which are referred to as valley degrees of freedom and are denoted by n = ±. We consider a finite intravalley pairing, i.e. ∆ n ∼ ψ n σ y ψ n = 0, which breaks the translation symmetry of the underlying lattice. Under translation of the primitive lattice constant Dirac fermions and the order parameters transform as ψ ± → e ±iK ψ ± and ∆ ± → e ±i2K ∆ ± , where K = 2π/3 and we set the lattice constant to unity. Thus, the intravalley pairing state is a PDW superconducting state with commensurability N = 3. Such a state can, for example, be realized in the honeycomb model with nearestand next-nearest-neighbor interactions [21] .
In the charged PDW phase described above, its lowenergy physics is described by the abelian Higgs model
where x ≡ d 3 x, A and F are the vector potential and the field strength, respectively, and e is the effective charge of Cooper pairs. The particle-hole symmetry of superconductors rules out a linear kinetic term [41, 42] . Note that in Eq. (2), the gapped fermions are ignored for simplicity as their inclusion does not qualitatively change the discussion of the Higgs mechanism. In terms of amplitude and phase modes, ∆ ± = ϕ ± e iθ± , the kinetic energy is expressed as
whereθ = (θ + +θ − )/2 and θ = (θ + −θ − )/2 corresponding to Goldstone and Leggett modes, respectively. In unitary gauge, A µ → A µ + ∂ µθ , the Goldstone mode is eaten by the gauge field via the Higgs mechanism, while the gauge field obtains a mass. The mass of the gauge boson is set by the amplitude of the SC order parameter, i.e., |∆ ± |, which is comparable to the SC gap of the Dirac fermions. Thus, as far as the physics below the SC gap is concerned, both the eaten-up Goldstone mode and the gauge boson can be neglected. Note that it is reasonable to neglect the eaten-up Goldstone mode and the gauge boson in both incommensurate and commensurate PDW phases, although the discussion above is focused on the PDW phase with commensurability N = 3.
Collective modes in incommensurate PDW.-An incommensurate PDW can occur, e.g., through intra-valley pairing in a nematic Dirac semimetal that breaks the C 3 symmetry of the underlying honeycomb lattice. Without C 3 symmetry, the Dirac point is still locally stable, but the momentum of the Dirac point is no longer locked at K or K . A possible example is the twisted bilayer graphene, where an intermediate C 3 nematic semimetal phase is proposed [43] . At a generic momentum, the PDW is incommensurate with the underlying lattice and an additional U (1) symmetry emerges as discussed above. The three boson degrees of freedom, i.e., two Higgs modes ϕ ± and one Leggett mode θ, can be changed to three real bosons, φ ± and φ. i.e., ∆ ± = ϕ ± e ±iθ → ∆ ± = φ ± ± iφ. Now, we are ready to write down the bare action for the incommensurate PDW state with two Dirac fermions
where Ψ ± is the Dirac fermion in Nambu space with Pauli matrices µ i and σ i acting on Nambu space and Dirac space, respectively.
is the kinetic term of the fermions and we have further introduced
. λ i characterizes the boson potential and g is the Yukawa coupling. We consider a time-reversal invariant PDW phase, so the minimum of the potential is chosen to be located at φ ±,min = √ 2ρ 0 and φ min = 0. In Eq. (4), there is no Josephson coupling because of the incommensurability of the PDW phase under consideration and the emergent U (1) symmetry renders the Leggett mode massless. FRG analysis.-We use the FRG approach to study the superconducting gap and the masses of the collective modes. The exact flow equation [34] reads
, where Γ denotes the flowing effective action with energy scale Λ and Γ (2) is the second functional derivative of the effective action with respect to boson and fermion fields. Furthermore, R is a suitable cutoff function. We implement the extended local potential approximation (LPA ) considering the following ansatz of effective action Γ = Γ 0 + Γ 1 with
where Z i , i ∈ {b, f }, are field renormalization factors. We implicitly assume Higgs and Leggett modes have same field renormalization factor. Note that the fields φ ± , Ψ ± , and φ in the effective action are expectation values and different from the fields in the bare action. For notational convenience we use same symbols. With cutoff functions [44] 
where r f (x) = (x − 1)θ(x 2 − 1), the flow equation for the bosonic potential U reads
where D is the spacetime dimension and K
. The RG flow of U can be projected to the flow of the minimum of the potential ρ 0 and the interaction coefficients λ i . Their dimensionless versions are given asρ 
Note that in the symmetry-breaking phase, the renormalization of Yukawa coupling g 2 [45, 46] is not vanishing. Finally, the anomalous dimensions are related to field renormalization factors by
In Fig. 1 , we show the flow diagrams for the couplingsλ 2 , λ 11 andḡ 2 as a function of flow parameter t = log Λ 0 /Λ. Here, Λ 0 is the cutoff energy of the bare action. The initial values of the RG flow are chosen in the PDW regime close to the transition point. The flow diagram ofλ 2 , Fig. 1(b) , shows two plateaus corresponding to the PDW transition point and the Nambu-Goldstone (NG) fixed point of the broken U (1) symmetry owing to the incommensurability. Note that the PDW transition point is a critical point, while the NG fixed point is a stable fixed point characterizing the gapless Leggett modes. The flow diagram ofḡ 2 , Fig. 1(c) , only shows the PDW transition plateau, because the fermions are gapped out in the SC phase and decouple from the low energy sector at the NG fixed point. Thus, the flow ofḡ 2 is set by its canonical dimension at the NG fixed point. The flow diagram of the dimensionful λ 11 shows its irrelevance at the critical point [21] . After identifying two fixed points, we can study in more details the flow of the SC gap and Higgs boson mass towards low energies and we focus on one of the Higgs modes, i.e., m 2 + , for simplicity. We show the flow of the dimensionful squared masses ∆ 2 and m 2 + in Fig. 2(a) . At the energy scale controlled by the PDW transition point, the RG flows of SC gap and Higgs boson mass are almost identical. At lower energies, the physics is controlled by the NG fixed point: while ∆ 2 stops flowing because it decouples from the low energy sector, m 2 + continues to flow due to fluctuations of the massless Leggett mode. Eventually, m 2 + flows to zero at extremely low-energies. Fig. 2(b) shows the flow of the ratio between SC gap and Higgs boson mass. After the system enters the energy scale controlled by the NG fixed point, the Higgs mass gets exponentially smaller compared to the SC gap as the energy is lowered. This provides a robust energy window where the Higgs modes are detectable in an incommensurate PDW superconductor.
Collective modes in commensurate PDW.-We now study the case of commensurate PDW. Due to the commensurability N = 3, we add a Josephson coupling term ∝ ∆ 3 + ∆ * 3 − + H.c. to the action which couples the two SC condensates. The Josephson coupling in terms of real bosons reads
We added n ρ 3 n such that S J is nonnegative and the minimum of the potential is still at φ ±,min = √ 2ρ 0 , φ min = 0. Including a term corresponding to S J in the truncation, the flow equations of the potential and fermion anomalous dimension are same as Eqs. (6) and (9), except the masses are different due to the presence of the Josephson coupling. The flow equation of boson anomalous dimensions is To study the flow of the collective modes of the commensurate PDW, we set the initial values in the PDW regime close to the transition point. Fig. 3(a) , the flow diagram ofλ 2 , shows two fixed points corresponding to the PDW transition point and the NG fixed point similar to that in incommensurate PDW state. However, the NG fixed point is unstable in the commensurate PDW state as exhibited by the run-away flow ofλ 2 after the NG fixed point. This behavior originates in the Josephson coupling which is dangerously irrelevant at the PDW transition point and triggers the run-away flow ofλ 2 . In Fig. 3(b) , we show the flow diagrams of the SC gap and the masses of the collective modes. In the energy range controlled by PDW transition point, the flows of SC gap ∆ 2 and Higgs mass m In the energy range controlled by the NG fixed point only Higgs boson mass continues to flow, similar to incommensurate PDW state, while both SC gap and Leggett boson mass stop running. Finally, when the system reaches lower energies, all masses stop flowing and remain finite: unlike the incommensurate PDW state where the enhanced U (1) symmetry protects gapless Leggett modes, there is no protected gapless mode in the commensurate PDW phase. The presence of two fixed points gives rise to an interesting emergent hierarchy of boson masses [31] , which may shed light to a mechanism underlying the hierarchy problem in the Standard Model of particle physics [30] .
Concluding remarks.-By using the FRG method, we show that, (a) in an incommensurate PDW superconductor, the Higgs mass is exponentially smaller than the superconducting gap near the superconductor transition point, due to the gapless fluctuations of Leggett modes, and (b) in the commensurate PDW phase, the Leggett boson mass is finite but exponentially small compared to Higgs boson mass and superconducting gap, i.e., a mass hierarchy of the collective modes emerges.
We studied the PDW state in Dirac semimetals as an explicit example to show the results, but those results are robust in nodeless PDW superconductors. In the incommensurate PDW state, the gapless Leggett modes which is protected by the emergent U (1) symmetry can strongly renormalize the Higgs mass. These findings are in general correct in nodeless incommensurate PDW superconductor. On the other hand, in commensurate PDW superconductors, the mass hierarchy between Higgs boson and Leggett boson masses relies on the fact that the Josephson coupling is dangerously irrelevant at the PDW transition point. This happens generically in PDW states with high commensurability [47] .
